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GROTHENDIECK GROUP AND GENERALIZED MUTATION
RULE FOR 2-CALABIYAU TRIANGULATED CATEGORIES
YANN PALU
Abstrat. We ompute the Grothendiek group of ertain 2-CalabiYau tri-
angulated ategories appearing naturally in the study of the link between
quiver representations and FominZelevinsky's luster algebras. In this setup,
we also prove a generalization of FominZelevinsky's mutation rule.
Introdution
In their study [6℄ of the onnetions between luster algebras (see [22℄) and quiver
representations, P. Caldero and B. Keller onjetured that a ertain antisymmetri
bilinear form is welldened on the Grothendiek group of a lustertilted algebra
assoiated with a nitedimensional hereditary algebra. The onjeture was proved
in [19℄ in the more general ontext of Hom-nite 2-CalabiYau triangulated ate-
gories. It was used in order to study the existene of a luster harater on suh a
ategory C, by using a formula proposed by CalderoKeller.
In the present paper, we restrit to the ase where C is algebrai (i.e. is the
stable ategory of a Frobenius ategory). We rst use this bilinear form to prove
a generalized mutation rule for quivers of lustertilting subategories in C. When
the lustertilting subategories are related by a single mutation, this shows, via the
method of [9℄, that their quivers are related by the FominZelevinsky mutation rule.
This speial ase was already proved in [3℄, without assuming C to be algebrai.
We also ompute the Grothendiek group of the triangulated ategory C. In
partiular, this allows us to improve on results by M. Barot, D. Kussin and H.
Lenzing: We ompare the Grothendiek group of a luster ategory CA with the
group K0(CA). The latter group was dened in [1℄ by only onsidering the triangles
in CA whih are indued by those of the derived ategory. More preisely, we prove
that those two groups are isomorphi for any luster ategory assoiated with a
nite dimensional hereditary algebra, with its triangulated struture dened by B.
Keller in [16℄.
This paper is organized as follows: The rst setion is dediated to notation
and neessary bakground from [8℄, [9℄, [17℄, [19℄. In setion 2, we ompute the
Grothendiek group of the triangulated ategory C. In setion 3, we prove a gener-
alized mutation rule for quivers of lustertilting subategories in C. In partiular,
this yields a new proof of the FominZelevinsky mutation rule, under the restri-
tion that C is algebrai. We nally show that K0(CA) = K0(CA) for any nite
dimensional hereditary algebra A.
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1. Notations and bakground
Let E be a Frobenius ategory whose idempotents split and whih is linear over
a given algebraially losed eld k. By a result of Happel [10℄, its stable ategory
C = E is triangulated. We assume moreover, that C is Hom-nite, 2-CalabiYau
and has a lustertilting subategory (see setion 1.2), and we denote by Σ its
suspension funtor. Note that we do not assume that E is Hom-nite.
We write X ( , ), or HomX ( , ), for the morphisms in a ategory X and HomX ( , )
for the morphisms in the ategory of X -modules. We also denote by Xˆ the proje-
tive X -module represented by X : Xˆ= X (?, X).
1.1. FominZelevinsky mutation for matries. Let B = (bij)i,j∈I be a nite
or innite matrix, and let k be in I. The Fomin and Zelevinsky mutation of B















= B and that if B is skew-symmetri, then so is µk(B).
We reall two lemmas of [9℄, stated for innite matries, whih will be useful in






2 if i = k,
δij else.
Lemma 7.1 ([9, GeissLelerShröer℄) : Assume that B is skew-symmetri.





2 if j = k,
δij else.
The matrix S yields a onvienent way to desribe the mutation of B in the
diretion k:
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Lemma 7.2 ([9, GeissLelerShröer℄, [2, BerensteinFominZelevinsky℄) : As-
sume that B is skew-symmetri. Then we have:
µk(B) = S
tBS.
Note that the produt is well-dened sine the matrix S has a nite number of
non vanishing entries in eah olumn.
1.2. Clustertilting subategories. A lustertilting subategory (see [17℄) of C
is a full subategory T suh that
a) T is a linear subategory;
b) for any objet X in C, the ontravariant funtor C(?, X)|T is nitely gen-
erated;
) for any objet X in C, we have C(X,ΣT ) = 0 for all T in T if and only if
X belongs to T .
We now reall some results from [17℄, whih we will use in the sequel. Let T be a
lustertilting subategory of C, and denote by M its preimage in E . In partiular
M ontains the full subategory P of E formed by the projetive-injetive objets,
and we have M = T .
The following proposition will be used impliitly, extensively in this paper.
Proposition [17, KellerReiten℄ :
a) The ategory modM of nitely presented M-modules is abelian.
b) For eah objet X ∈ C, there is a triangle
Σ−1X −→ TX1 −→ T
X
0 −→ X
of C, with TX0 and T
X
1 in T .
Reall that the perfet derived ategory perM is the full triangulated subate-
gory of the derived ategory of DModM generated by the nitely generated pro-
jetive M-modules.
Proposition [17, KellerReiten℄ :
a) For eah X ∈ E, there are onations
0 −→M1 −→M0 −→ X −→ 0 and 0 −→ X −→M
0 −→M1 −→ 0
in E, with M0, M1, M
0
and M1 in M.
b) Let Z be in modM. Then Z onsidered as an M-module lies in the perfet
derived ategory perM and we have anonial isomorphisms
D(perM)(Z, ?) ≃ (perM)(?, Z[3]).
1.3. The antisymmetri bilinear form. In setion 3, we will use the existene of
the antisymmetri bilinear form 〈 , 〉a on K0(modM). We thus reall its denition
from [6℄.
Let 〈 , 〉 be a trunated Euler form on modM dened by
〈M,N〉 = dimHomM(M,N)− dimExt
1
M(M,N)
for any M,N ∈ modM. Dene 〈 , 〉a to be the antisymmetrization of this form:
〈M,N〉a = 〈M,N〉 − 〈N,M〉.
This bilinear form desends to the Grothendiek group K0(modM):
Lemma [19, setion 3℄ : The antisymmetri bilinear form
〈M,N〉a : K0(modM)×K0(modM) −→ Z
is well-dened.
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2. Grothendiek groups of algebrai 2-CY ategories with a
lustertilting subategory
We x a luster-tilting subategory T of C, and we denote byM its preimage in
E . In partiular M ontains the full subategory P of E formed by the projetive-
injetive objets, and we have M = T .
We denote by Hb (E) and Db (E) respetively the bounded homotopy ategory
and the bounded derived ategory of E . We also denote by HbE−ac (E), H
b (P),
Hb (M) and HbE−ac (M) the full subategories of H
b (E) whose objets are the E-
ayli omplexes, the omplexes of projetive objets in E , the omplexes of objets
of M and the E-ayli omplexes of objets of M, respetively.
2.1. A short exat sequene of triangulated ategories.
Lemma 1. Let A1 and A2 be thik, full triangulated subategories of a triangulated
ategory A and let B be A1 ∩ A2. Assume that for any objet X in A there is a
triangle X1 −→ X −→ X2 −→ ΣX1 in A, with X1 in A1 and X2 in A2. Then the
indued funtor A1/B −→ A/A2 is a triangle equivalene.
Proof. Under these assumptions, denote by F the indued triangle funtor from
A1/B to A/A2. We are going to show that the funtor F is a full, onservative,
dense funtor. Sine any full onservative triangle funtor is fully faithful, F will
then be an equivalene of ategories.
We rst show that F is full. Let X1 and X
′
1 be two objets in A1. Let f be a
morphism from X1 to X
′












be a left fration whih represents f . The morphism w is in the multipliative
system assoiated with A2 and thus yields a triangle Σ
−1A2 → Y
w
−→ X ′1 → A2
where A2 lies in the subategory A2. Moreover, by assumption, there exists a
triangle Y1 → Y → Y2 → ΣY1 with Yi in Ai. Applying the otahedral axiom to the
omposition Y1 → Y → X
′
1 yields a ommutative diagram whose two middle rows
















Sine Y2 and A2 belong to A2, so does Z. And sine X
′
1 and Y1 belong to A1,
so does Z. This implies, that Z belongs to B. The morphism Y1 → X
′
1 is in the
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is a left fration whih represents f . This implies that f is the image of a morphism
in A1/B. Therefore the funtor F is full.
We now show that F is onservative. Let X1
f
−→ Y1 → Z1 → ΣX1 be a triangle
in A1. Assume that Ff is an isomorphism in A/A2, whih implies that Z1 is an
objet of A2. Therefore, Z1 is an objet of B and f is an isomorphism in A1/B.
We nally show that F is dense. Let X be an objet of the ategory A/A2, and
let X1 → X → X2 → ΣX1 be a triangle in A with Xi in Ai. Sine X2 belongs to
A2, the image of the morphism X1 → X in A/A2 is an isomorphism. Thus X is
isomorphi to the image by F of an objet in A1/B. 
As a orollary, we have the following:
Lemma 2. The following sequene of triangulated ategories is short exat:
0 −→ HbE−ac (M) −→ H
b (M) −→ Db (E) −→ 0.
Remark: This lemma remains true if C is d-CalabiYau and M is (d − 1)-luster
tilting, using setion 5.4 of [17℄.
Proof. For any objet X in Hb (E), the existene of an objetM in Hb (M) and of a
quasi-isomorphism w fromM to X is obtained using the approximation onations
of KellerReiten (see setion 1.2). Sine the one of the morphism w belongs to
HbE−ac (E), lemma 1 applies to the subategoriesH
b
E−ac (M),H
b (M) andHbE−ac (E)
of Hb (E). 
Proposition 3.The following diagram is ommutative with exat rows and olumns:
0 0
0 // HbE−ac (M)





0 // HbE−ac (M)
















Proof. The olumn on the right side has been shown to be exat in [18℄ and [20℄.
The seond row is exat by lemma 2. The subategories HbE−ac (M) and H
b (P) of
Hb (M) are left and right orthogonal to eah other. This implies that the indued
funtors iM and iP are fully faithful and that taking the quotient of H
b (M) by
those two subategories either in one order or in the other gives the same ategory.
Therefore the rst row is exat. 
2.2. Invariane under mutation. A natural question is then to whih extent the
diagram (D) depends on the hoie of a partiular lustertilting subategory. Let
thus T ′ be another lustertilting subategory of C, and letM′ be its preimage in E .
Let ModM (resp. ModM′) be the ategory of M-modules (resp. M′-modules),
i.e. of k-linear ontravariant funtors fromM (resp. M′) to the ategory of k-vetor
spaes.
Let X be the M-M′-bimodule whih sends the pair of objets (M,M ′) to the
k-vetor spae E(M,M ′). The bimodule X indues a funtor F =? ⊗M′ X :
ModM′ −→ ModM denoted by TX in [15, setion 6.1℄.
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Reall that the perfet derived ategory perM is the full triangulated subate-
gory of the derived ategoryDModM generated by the nitely generated projetive
M-modules.
Proposition 4. The left derived funtor
LF : DMod M′ −→ DMod M
is an equivalene of ategories.
Proof. Reall that if X is an objet in a ategory X , we denote by Xˆ the funtor
X (?, X) represented by X . By [15, 6.1℄, it is enough to hek the following three
properties:
1. For all objets M ′, M ′′ of M, the group HomDMod M (LFM
′ ,ˆ LFM ′′ [ˆn])
vanishes for n 6= 0 and identies with HomM′ (M
′,M ′′) for n = 0;
2. for any objet M ′ of M′, the omplex LFM ′ˆbelongs to perM;
3. the set {LFM ′ ,ˆ M ′ ∈M′} generates DMod M as a triangulated ategory
with innite sums.
Let M ′ be an objet of M′, and let M1 // // M0 // // M ′ be a onation in
E , with M0 and M1 in M, and whose deation is a right M-approximation (.f.
setion 4 of [17℄). The surjetivity of the map M0ˆ −→ E(?,M
′)|M implies that
the omplex P = (· · · → 0 → M1ˆ → M0ˆ → 0 → · · · ) is quasi-isomorphi to
LFM ′ˆ = E(?,M ′)|M. Therefore LFM
′ˆ belongs to the subategory perM of
DMod M. Moreover, we have, for any n ∈ Z and any M ′′ ∈ M′, the equality
HomDMod M (LFM
′ ,ˆLFM ′′ [ˆn]) = HomHb ModM (P, E(?,M
′′)|M[n])
where the righthand side vanishes for n 6= 0, 1. In ase n = 1 it also vanishes,
sine Ext1E(M
′,M ′′) vanishes. Now,
HomHb ModM (P, E(?,M
′′)|M) ≃ Ker (E(M0,M
′′)→ E(M1,M
′′))
≃ E(M ′,M ′′).
It only remains to be shown that the set R = {LFM ′ ,ˆ M ′ ∈M′} generates
DMod M. Denote by R the full triangulated subategory with innite sums of
DMod M generated by the set R. The set {M ,ˆ M ∈M} generates DMod M
as a triangulated ategory with innite sums. Thus it is enough to show that,
for any objet M of M, the omplex Mˆ onentrated in degree 0 belongs to the
subategory R. Let M be an objet of M, and let M //
i // M ′0
p // // M ′1 be a




. Sine Ext1E(?,M)|M vanishes, we have a
short exat sequene of M-modules





whih yields the triangle
Mˆ−→ LFM ′0ˆ −→ LFM
′
1ˆ −→ ΣM .ˆ

As a orollary of proposition 4, up to equivalene the diagram (D) does not
depend on the hoie of a lustertilting subategory. To be more preise: Let G
be the funtor whih sends an objet X in the ategoryHb (M′) to a representative
of (LF )Xˆ in Hb (M), and a morphism in Hb (M′) to the indued one in Hb (M).
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Corollary 5. The following diagram is ommutative
DMod M′































Db (E) Db (E)
and the funtor G is an equivalene of ategories.
We denote by perMM the full subategory of perM whose objets are the om-
plexes with homologies in modM. The following lemma will allow us to ompute
the Grothendiek group of perMM in setion 2.3:
Lemma 6. The anonial t-struture on DMod M restrits to a t-struture on
perMM, whose heart is modM.
Proof. By [13℄, it is enough to show that for any objet M• of perMM, its truna-
tion τ≤0M
•
in DMod M belongs to perMM. Sine M
•
is in perMM, τ≤0M
•
is
bounded, and is thus formed from the omplexes H
i(M•) onentrated in one de-
gree by taking iterated extensions. But, for any i, the M-module Hi(M•) atually
is an M-module. Therefore, by [17℄ (see setion 1.2), it is perfet as an M-module
and it lies in perMM. 
The next lemma already appears in [21℄. For the onveniene of the reader, we
inlude a proof.
Lemma 7. The Yoneda equivalene of triangulated ategories Hb (M) −→ perM
indues a triangle equivalene HbE−ac (M) −→ perMM.
Proof. We rst show that the ohomology groups of an E-ayli bounded omplex
M vanish on P . Let P be a projetive objet in E and let E be a kernel in E of the
mapMn −→Mn+1. SineM is E-ayli, suh an objet exists, and moreover, it is
an image of the map Mn−1 −→ Mn. Any map from P to Mn whose omposition
with Mn → Mn+1 vanishes fators through the kernel E ֌ Mn. Sine P is































Therefore, we have Hn(M )ˆ(P ) = 0 for all projetive objets P , and Hn(M )ˆ be-
longs to modM. Thus the Yoneda funtor indues a fully faithful funtor from
HbE−ac (M) to perMM. To prove that it is dense, it is enough to prove that any
objet of the heart modM of the t-struture on perMM is in its essential image.
But this was proved in [17, setion 4℄ (see setion 1.2).

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Proof. Sine the ategories Hb (P) and HbE−ac (M) are left-right orthogonal in
Hb (M), this is immediate from orollary 5 and lemma 7. 
2.3. Grothendiek groups. For a triangulated (resp. additive, resp. abelian)
ategory A, we denote by Ktri0 (A) or simply K0(A) (resp. K
add
0 (A), resp. K
ab
0 (A))
its Grothendiek group (with respet to the mentioned struture of the ategory).
For an objet A in A, we also denote by [A] its lass in the Grothendiek group of
A.
The short exat sequene of triangulated ategories
0 −→ HbE−ac (M) −→ H
b (M) /Hb (P) −→ E −→ 0




























Proof. First, note that, by [21℄, see also lemma 7, we have an isomorphism between








. The t-struture on
perMM whose heart is modM, see lemma 6, in turn yields an isomorphism be-








. Next, we show
that the anonial additive funtorM
α
−→ Hb (M) /Hb (P) indues an isomorphism






Hb (M) /Hb (P)
)
. For this,
let us onsider the anonial additive funtor M
β
−→ Hb (M) and the triangle
funtor Hb (M)
γ
−→ Hb (M). The following diagram desribes the situation:






α // Hb (M) /Hb (P)
γ
ggO O O O O O
The funtor γ vanishes on the full subategory Hb (P), thus induing a triangle
funtor, still denoted by γ, from Hb (M) /Hb (P) to Hb (M). Furthermore, the
















As the group Ktri0
(
Hb (M) /Hb (P)
)
is generated by objets onentrated in degree
0, it is straightforward to hek that the morphisms K0(α) and K0(β)
−1 K0(γ) are
inverse to eah other.














, the map ϕ has to be
made expliit. We rst reall some results from IyamaYoshino [12℄ whih generalize
results from [4℄: For any indeomposableM ofM not in P , there existsM∗ unique
up to isomorphism suh that (M,M∗) is an exhange pair. This means that M
and M∗ are not isomorphi and that the full additive subategory of C generated
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by all the indeomposable objets of M but those isomorphi to M , and by the
indeomposable objets isomorphi to M∗ is again a lustertilting subategory.
Moreover, dim E(M,ΣM∗) = 1. We an thus x two (non-split) exhange triangles
M∗ → BM →M → ΣM
∗
and M → BM∗ →M
∗ → ΣM.
We may now state the following:
Theorem 10. The Grothendiek group of the triangulated ategory E is the quotient









/([BM∗ ]− [BM ])M .
Proof. We denote by SM the simple M-module assoiated to the indeomposable
objet M . This means that SM (M
′) vanishes for all indeomposable objets M ′ in





is generated by all lasses [SM ]. In view of lemma 9, it is suient
to prove that the image of the lass [SM ] under ϕ is [BM∗ ] − [BM ]. First note
that the M-module Ext1E(?,M
∗)|M vanishes on the projetives ; it an thus be
viewed as an M-module, and as suh, is isomorphi to SM . After replaing BM
and BM ′ by isomorphi objets of E , we an assume that the exhange triangles
M∗ → BM → M → ΣM
∗
and M → BM∗ → M
∗ → ΣM ome from onations
M∗ // // BM // // M and M // // BM∗ // //M∗. The splied omplex
(· · · → 0→M → BM∗ → BM →M → 0→ · · · )
denoted by C•, is then an E-ayli omplex, and it is the image of SM under
the funtor modM ⊂ perMM ≃ H
b
E−ac (M). Indeed, we have two long exat




E(?,M)|M = 0 and






Sine BM belongs toM, the funtor Ext
1
E(?, BM ) vanishes onM, and the omplex:
(C )ˆ : (· · · → 0→Mˆ→ (BM∗ )ˆ → (BM )ˆ →Mˆ→ 0→ · · · )
is quasi-isomorphi to SM .
Now, in the notations of the proof of lemma 9, ϕ[SM ] is the image of the lass
of the E-ayli omplex omplex C• under the morphism K0(β)
−1 K0(γ). This is
[M ]− [BM ] + [BM∗ ]− [M ] whih equals [BM∗ ]− [BM ] as laimed. 
3. The generalized mutation rule
Let T and T ′ be two lustertilting subategories of C. Let Q and Q′ be the
quivers obtained from their AuslanderReiten quivers by removing all loops and
oriented 2-yles.
Our aim, in this setion, is to give a rule relating Q′ to Q, and to prove that it
generalizes the FominZelevinsky mutation rule.
Remark:
. Assume that C has lustertilting objets. Then it is proved in [3, Theorem
I.1.6℄, without assuming that C is algebrai, that the AuslanderReiten
quivers of two lustertilting objets having all but one indeomposable
diret summands in ommon (up to isomorphism) are related by the Fomin
Zelevinsky mutation rule.
. To prove that the generalized mutation rule atually generalizes the Fomin
Zelevinsky mutation rule, we use the ideas of setion 7 of [9℄.
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3.1. The rule. As in setion 2, we x a lustertilting subategory T of C, and
writeM for its preimage in E , so that T =M. Dene Q to be the quiver obtained
from the AuslanderReiten quiver of M by deleting its loops and its oriented 2-
yles. Its vertex orresponding to an indeomposable objet L will also be labeled
by L. We denote by aLN the number of arrows from vertex L to vertex N in the
quiver Q. Let BM be the matrix whose entries are given by bLN = aLN − aNL.
Let RM be the matrix of 〈 , 〉a : K0(modM) × K0(modM) −→ Z in the basis
given by the lasses of the simple modules.
Lemma 11. The matries RM and BM are equal: RM = BM.
Proof. Let L and N be two non-projetive indeomposable objets in M. Then
dimHom(SL, SN )− dimHom(SN , SL) = 0 and we have:
〈[SL], [SN ]〉a = dimExt
1(SN , SL)− dimExt
1(SL, SN) = bL,N .

Let T ′ be another lustertilting subategory of C, and let M′ be its preimage
in the Frobenius ategory E . Let (M ′i)i∈I (resp. (Mj)j∈J ) be representatives for
the isolasses of non-projetive indeomposable objets in M′ (resp. M). The
equivalene of ategories perMM
∼−→ perM′M
′
of proposition 8 indues an iso-
morphism between the Grothendiek groups K0(modM) and K0(modM
′) whose
matrix, in the bases given by the lasses of the simple modules, is denoted by
S. The equivalene of ategories DMod M ∼−→ DMod M′ restrits to the iden-
tity on Hb (P), so that it indues an equivalene perM/ perP ∼−→ perM′/ perP .
Let T be the matrix of the indued isomorphism from K0(projM)/K0(projP) to
K0(projM
′)/K0(projP), in the bases given by the lasses [M(?,Mj)], j ∈ J , and
[M′(?,M ′i)], i ∈ I. The matrix T is muh easier to ompute than the matrix S.
Its entries tij are given by the approximation triangles of Keller and Reiten in the













Theorem 12. a) (Generalized mutation rule) The following equalities hold:




b) The ategory C has a lustertilting objet if and only if all its lustertilting
subategories have a nite number of pairwise non-isomorphi indeompos-
able objets.
) All lustertilting objets of C have the same number of indeomposable
diret summands (up to isomorphism).
Note that point ) was shown in [11, 5.3.3(1)℄ (see also [3, I.1.8℄) and, in a more
general ontext, in [7℄. Note also that, for the generalized mutation rule to hold, the
lustertilting subategories do not need to be related by a sequene of mutation.
Proof. Assertions b) and ) are onsequenes of the existene of an isomorphism
between the Grothendiek groups K0(modM) and K0(modM
′). Let us prove the
equalities a). Reall from [19, setion 3.3℄, that the antisymmetri bilinear form
GROTHENDIECK GROUP AND MUTATION RULE 11







































This proves the equality RM = S
tRM′S, or, by lemma 11,
(1) BM = S
tBM′S.
Any objet of perMM beomes an objet of perM/ perP through the ompo-
sition perMM →֒ perM ։ perM/ perP . Let M and N be two non-projetive


















= δMN , and the ommutative diagram






























In other words, the matrix S is the inverse of the transpose of T :
(2) S = T -t
Equalities (1) and (2) imply what was laimed, that is
BM′ = TBMT
t .
Let us ompute the matrix T : Let M be indeomposable non-projetive in M,
and let
Σ−1M −→M ′1 −→M
′
0 −→M
be a KellerReiten approximation triangle of M with respet toM′, whih we may
assume to ome from a onation in E . This onation yields a projetive resolution
0 −→ (M ′1)ˆ −→ (M
′





so that T sends the lass ofMˆto [(M ′0)ˆ ]−[(M
′
1)ˆ ]. Therefore, tij equals αij−βij. 
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3.2. Examples.
3.2.1. As a rst example, let C be the luster ategory assoiated with the quiver

























































Let M = M1 ⊕M2 ⊕M3 ⊕M4, where the indeomposable Mi orresponds to the







M ′1 = M1, and where the indeomposable M
′
i orresponds to the vertex labelled
by i′ if i 6= 1. One easily omputes the following KellerReiten approximation
triangles:




















1 1 0 0
0 −1 0 0
0 0 0 1







0 −1 1 0
1 0 −1 0
−1 1 0 −1








0 1 0 0
−1 0 −1 1
0 1 0 −1
0 −1 1 0

 ,
whih is BM .
3.2.2. Let us look at a more interesting example, where one annot easily read the
quiver of M ′ from the AuslanderReiten quiver of C. Let C be the luster ategory












For i = 0, 1, 2, let Mi be (the image in C of) the projetive indeomposable (right)
kQ-module assoiated with vertex i. Their dimension vetors are respetively
[1, 0, 0], [2, 1, 0] and [2, 0, 1]. Let M be the diret sum M0 ⊕ M1 ⊕ M2. Let M
′










2 are (the images in C
of) the indeomposable regular kQ-modules with dimension vetors [1, 2, 0], [0, 1, 0]
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and [2, 4, 1] respetively. As one an hek, using [14℄, M and M ′ are two luster
tilting objets of C. To ompute KellerReiten's approximation triangles, amounts
to omputing projetive resolutions in mod kQ, viewed as modEndC(M). One eas-
ily omputes these projetive resolutions, by onsidering dimension vetors:
0 −→ 8M0 −→M2 ⊕ 4M1 −→M
′
2 −→ 0,
0 −→ 2M0 −→M1 −→M
′
1 −→ 0 and
0 −→ 3M0 −→ 2M1 −→M
′
0 −→ 0.















whih is therefore the quiver of EndC(M
′) sine by [5℄, there are no loops or 2-yles
in the quiver of the endomorphism algebra of a lustertilting objet in a luster
ategory.
3.3. Bak to the mutation rule. We assume in this setion that the Auslander
Reiten quiver of T has no loops nor 2-yles. Under the notations of setion 3.1,
let k be in I and let (Mk,M
′
k) be an exhange pair (see setion 2.3). We hoose
M′ to be the luster-tilting subategory of C obtained fromM by replaingMk by
M ′k, so that M
′
i =Mi for all i 6= k. Reall that T is the matrix of the isomorphism
K0(projM)/K0(projP) −→ K0(projM
′)/K0(projP).





2 if j = k
δij else.
Proof. Let us apply theorem 12 to ompute the matrix T . For all j 6= k, the triangle
Σ−1Mj → 0 → M
′
j = Mj is a KellerReiten approximation triangle of Mj with
respet to M′. We thus have tij = δij for all j 6= k. There is a triangle unique up
to isomorphism
M ′k −→ BMk −→Mk −→ ΣM
′
k
where BMk −→ Mk is a right T ∩ T
′
-approximation. Sine the AuslanderReiten





. We thus have tik = −δik + aik, whih equals
|bik|+bik
2 . Remark that,





2 if i = k
δij else.

Theorem 14. The matrix BM′ is obtained from the matrix BM by the Fomin
Zelevinski mutation rule in the diretion M .
Proof. By [2℄ (see setion 1.1), and by lemma 13, we know that the mutation of the
matrix BM in diretion M is given by TBM′T
t
, whih is BM, by the generalized
mutation rule (theorem 12). 
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3.4. Cluster ategories. In [1℄, the authors study the Grothendiek group of
the luster ategory CA assoiated to an algebra A whih is either hereditary or
anonial, endowed with any admissible triangulated struture. A triangulated
struture on the ategory CA is alled admissible in [1℄ if the projetion funtor
from the bounded derived ategory Db(modA) to CA is exat (triangulated). They
dene a Grothendiek group K0(CA) with respet to the triangles indued by those
of Db(modA), and show that it oinides with the usual Grothendiek group of the
luster ategory in many ases:
Theorem 15. [BarotKussinLenzing℄ We have K0(CA) = K0(CA) in eah of the
following three ases:
(i) A is anonial with weight sequene (p1, . . . , pt) having at least one even
weight.
(ii) A is tubular,
(iii) A is hereditary of nite representation type.
Under some restrition on the triangulated struture of CA, we have the following
generalization of ase (iii) of theorem 15:
Theorem 16. Let A be a nite-dimensional hereditary algebra, and let CA be the
assoiated luster ategory with its triangulated struture dened in [16℄. Then we
have K0(CA) = K0(CA).
Proof. By lemma 3.2 in [1℄, this theorem is a orollary of the following lemma. 
Lemma 17. Under the assumptions of setion 3.1, and if moreover M has a nite
number n of non-isomorphi indeomposable objets, then we have an isomorphism
K0(C) ≃ Z
n/ ImBM.
Proof. This is a restatement of theorem 10. 
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